Introduction
This work presents a methodology to estimate the moment of inertia (MOI) for a spacecraft given noisy angular velocity measurements. Without filtering for noisy gyro-based data, the accuracy of the mass property estimation deteriorates rapidly. 1) To minimize the impact of this problem, researchers have developed several methods for reducing the measurement noise by invoking the use of various filters. Extensive literature reviews are included in Kim et al.
2 ) The key issue is the calculation of angular accelerations, because the MOI appears rigorously in the acceleration calculation.
The main contribution of this work is to present a combined method to estimate the MOI for spacecraft that link the extend Kalman filter (EKF) with a Savitzky-Golay filter (SGF).
3) The SGF has been extensively used in the chemical engineering field for generating filtered estimates of the spacecraft's angular acceleration. Given small noise angular velocity estimates, classical methods (forward, backward, and central difference methods) provide reliable angular acceleration. Given noisy angular velocities, where the noise terms are not very small, however, the classical methods are not valid. To obtain accurate angular acceleration, the SGF is applied. In this work, a three-step process is required: (1) EKF application to reduce the noise effects for angular velocities, (2) SGF application to calculate angular accelerations with the filtered angular velocities, and (3) the linear least squares (LLS) application for estimating MOI of the spacecraft using the filtered angular velocities and the extrapolated angular accelerations. Numerical sensitivity studies are performed to establish the optimal order of the SGF. Numerical examples are presented to demonstrate the effectiveness of the proposed method.
Problem Formulation
The equation of motion for rotational rigid body is
where I ¼ diagfI 1 ; I 2 ; I 3 g 2 R 3Â3 is the MOI tensor of the spacecraft, ! 2 R 3 is the angular velocity vector of the spacecraft, and u 2 R 3 is the unbounded control torque input vector, which is aligned with the body axis. The associated observation equation is expressed as
where fI 1 ; I 2 ; I 3 g T is the unknown true MOI of the spacecraft, is the measurement noise, and the observation matrix is defined as
The SGF extension for the EKF method is required because the unknown angular acceleration appears explicitly in Eq. (3). Using the LLS algorithm, the defined unknown parameters are estimated as follows 4) :
The measured angular velocities are filtered using the EKF and the unknown angular accelerations are extrapolated using the SGF.
Combined Method and Numerical Results
This section is organized as follows: (1) The EKF and SGF algorithms are presented and the numerical results are provided to establish the effectiveness of the proposed algorithm; (2) Using the LLS, the MOI is estimated with filtered angular velocities and angular accelerations through the EKF-SGF algorithm.
For the MOI recover algorithm, one needs to filter the angular velocities. To deal with the fundamental nonlinearity inherent in the problem formulation, the continuous-discrete EKF is used to filter the state vector !. Because of space limitations, the EKF procedure is not addressed here (see Crassidis and Junkins 4) ). In 1964, Savitzky and Golay 3) developed a simple convolutional smoothing/differentiation filter, called SGF, which works by fitting successive subsets of adjacent data points with a low-degree polynomial that is derived using the LLS. When the data points are equally spaced, an analytical solution to the LLS equations is obtained in the form of a single set of "convolution coefficients" that is applied to all data subsets. This yields estimates of the smoothed signal and its derivatives at the central point of each subset. Savitzky and Golay provided convolution coefficients for various polynomials and subset sizes.
3) Updated coefficient tables are provided in Steinier et al.
5)
The SGF algorithm operates on consecutive uniformly spaced data points, where an odd number of points are required. In this work, coefficients for quadratic and quartic forms are presented in Table 1 , which contains the convoluting integers for the first derivative. Note that since the spacecraft motion is in low-frequency domains, high order polynomials are not required. The table refers to the case that every data step is constant. For example, the j-th first derivative data point for a window-size of k points and a set of n points is given by
Selection of an appropriate window-size is compulsory for achieving an optimal trade-off between noise reduction and signal preservation.
6) Vivó-Truyols and Schoenmakers have presented a method to optimize the window-size against the correlation of filtered noise. 7) The approach is performed by finding the minimum value of the difference between residuals of the fitting (measurement-smoothing solution) and the noise of the instrument (measurement-estimated solution). Using this approach, a proper window-size of 19 has been determined with the noise level ¼ 10 À4 rad/s. Note that an optimal window-size varies according to noise levels. For the case when ¼ 10 À4 rad/s, the estimated MOI results including the combined estimation algorithm in Kim et al.
2) are listed in Table 2 . As a result, the proposed approach has been observed to provide good MOI estimates given the entire range of the noise levels. The maximum window-size is set to 49 considering computational burden.
Conclusions
This work proposes a combined methodology to estimate the accurate moment of inertia (MOI) given noisy angular velocity measurements. The extended Kalman filter is applied to reduce the noise effect of the angular velocities. Then, the Savitzky-Golay filter is applied to extrapolate angular accelerations. Using the obtained data set, the MOI of the spacecraft is acquired using the linear least squares method. The performance of the suggested method is compared with the combined estimation and conventional finite difference approaches. To verify the performance of the suggested method, numerical simulation is performed for several cases by varying noise levels. The results of this work are expected to be broadly useful for spacecraft applications, where highly accurate MOI estimates are required for maintaining high vehicle performance accuracy. (a) (b) 
